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Abstract
In this paper, the irreducible modules for the Z2-orbifold vertex operator subalge-
bra of the parafermion vertex operator algebra associated to the irreducible highest
weight modules for the affine Kac-Moody algebra A
(1)
1 of level k are classified and
constructed.
1 Introduction
Coset construction and orbifold construction are two major ways to construct new vertex
operator algebras from given ones. The parafermion vertex operator algebra K(g, k) is
a special kind of coset construction. It is the commutant of a Heisenberg vertex opera-
tor subalgebra in the simple affine vertex operator algebra Lgˆ(k, 0), where Lgˆ(k, 0) is the
integrable highest weight module with the positive integer level k for affine Kac-Moody
algebra gˆ associated to a finite dimensional simple Lie algebra g. We denote K(sl2, k)
by K0 and Lsˆl2(k, 0) by L(k, 0) in this paper. A systematic study of parafermion vertex
operator algebras started from [9] due to the connection of parafermion vertex operator
algebras with W -algebras, Griess algebras and the moonshine vertex operator algebra.
The structure and representation theory of the parafermion vertex operator algebras has
been fully studied these years (see [2, 3, 11, 9, 14, 15, 16, 12, 19, 20, 23, 28] etc.) Among
the main results of the structure and representations for the parafermion vertex operator
algebras, we see that the parafermion vertex operator algebra K0 is no doubt the most
important in the study of the general parafermion vertex operator algebra K(g, k). The
reason comes from the structure of the parafermion vertex operator algebra K(g, k) stud-
ied in [14], that is, K0 is the building block of K(g, k), which shows that the role of K0
in the K(g, k) is similar to the role of sl2 played in Kac-Moody algebras.
On the other hand, parafermion vertex operator algebraK0 can be identified to certain
W -algebra. It was proved in [9] that the Virasoro vector ω and Virasoro primary vectors
W 3,W 4 and W 5 of weight 3, 4 and 5 are the strong generators of K0. Thus the simple
vertex operator algebra K0 can be regarded as the quotient of W -algebra W (2, 3, 4, 5).
Recently, a conjecture states that the parafermion vertex operator algebra K0 is isomor-
phic to the (k+1, k+2)-minimal series W -algebra associated with slk has been proved in
[3]. Furthermore, both C2-cofiniteness and rationality have also been confirmed in [2] and
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[3]. Specifically, the classification of irreducible modules for parafermion vertex operator
algebra K0 has been done in [2].
From [9], we know that the full automorphism group of the parafermion vertex operator
algebra K0 for k ≥ 3 is a group of order 2 generated by σ which is defined by σ(h) = −h,
σ(e) = f , σ(f) = e, where {h, e, f} is a standard Chevalley basis of sl2 with brackets
[h, e] = 2e, [h, f ] = −2f , [e, f ] = h. Let V be a vertex operator algebra and G a finite
automorphism group of V , the fixed-point subalgebra V G = {v ∈ V | g.v = v, g ∈ G}
is called an orbifold vertex operator subalgebra. In this paper, we study the Z2-orbifold
vertex operator subalgebra Kσ0 of the parafermion vertex operator algebra K0. More
precisely, we classify and construct all the irreducible modules of the orbifold vertex
operator subalgebra Kσ0 . From [10], we know that if V is a vertex operator algebra
with an automorphism g of order T , and M =
∑
n∈ 1
T
Z+
M(n) is an irreducible g-twisted
admissible module of V , then M i =
⊕
n∈ i
T
+Z+
M(n) is an irreducible V g-module for
i = 0, · · · , T − 1. From [27], [4] (also see [5]), we know that the orbifold vertex operator
subalgebra Kσ0 is regular. The main difficulty to determine the irreducible modules of the
orbifold vertex operator subalgebra Kσ0 is to find the lowest weight vectors in each M
i
for our case i = 0, 1, T = 2 and to find the lowest weight vectors of irreducible modules
of the orbifold vertex operator subalgebra Kσ0 from the irreducible modules of K0. Based
on the classification results of the irreducible modules of K0, we can deduce that if k
is odd, there are at most k−1
2
+ 1 inequivalent irreducible σ-twisted modules of K0, and
if k is even, there are at most k
2
+ 2 inequivalent σ-twisted irreducible modules of K0.
The problem becomes interesting when we construct explicitly the irreducible σ-twisted
modules of K0. In the case for k being odd, we can follow the standard way to construct
k−1
2
+ 1 irreducible σ-twisted modules for K0 from the σ-twisted modules of the affine
vertex operator algebra L(k, 0) by analyzing the lowest weight in the grade zero of the
admissible σ-twisted modules of the affine vertex operator algebra L(k, 0). However, the
situation becomes different for the case of k being even, since there are only k
2
+1 different
lowest weights in the grade zero of the admissible σ-twisted modules of the affine vertex
operator algebra L(k, 0). So we need to find another lowest weight vector of K0 in the
σ-twisted modules of the affine vertex operator algebra L(k, 0). We achieve this by the
highly nontrivial calculation in Section 3. It turns out that another lowest weight vector
of K0 is in the grade
1
2
of the σ-twisted module constructed from the irreducible module
L(k, k/2) of the affine vertex operator algebra L(k, 0). We achieve this with the help
of the orbifold model (V +Zβ)
σ of the lattice vertex operator algebra V +Zβ with 〈β, β〉 = 6,
where σ is an automorphism of V +Zβ induced from σ(β) = −β. The reason is that from [9],
we know that if k = 4, K0 is isomorphic to the lattice vertex operator algebra V
+
Zβ with
〈β, β〉 = 6, and we can write down all the lowest weights of the irreducible modules of the
orbifold vertex operator subalgebra (V +Zβ)
σ, which helps us to find the lowest weight vector
in each M i for i = 0, 1, T = 2 and the lowest weight vectors of irreducible modules of the
orbifold vertex operator subalgebra Kσ0 from the irreducible modules of K0. As a result,
the complete list of the lowest weight vectors with their weights for all the irreducible
modules of Kσ0 has been presented in Section 3. Finally we would like to point out that
the clear list of the lowest weight vectors with their weights for all the irreducible modules
2
of Kσ0 is necessary for us to determine the quantum dimensions and fusion rules of the
orbifold vertex operator subalgebra Kσ0 , which is our next work.
The paper is organized as follows. In Section 2, we recall some results about the
parafermion vertex operator algebra K0 and its orbifold vertex operator subalgebra K
σ
0 .
In Section 3, we first study the σ-twisted modules of parafermion vertex operator algebra
K0, and give the construction of all the irreducible σ-twisted modules of parafermion
vertex operator algebra K0, then we classify and construct the irreducible modules of the
orbifold vertex operator subalgebra Kσ0 .
2 Preliminary
In this section, we recall from [9], [11] and [2] some basic results on the parafermion
vertex operator algebra associated to the irreducible highest weight module for the affine
Kac-Moody algebra A
(1)
1 of level k with k being a positive integer. First we recall the
notion of the parafermion vertex operator algebra.
We are working in the setting of [9]. Let {h, e, f} be a standard Chevalley basis of sl2
with Lie brackets [h, e] = 2e, [h, f ] = −2f , [e, f ] = h. Let ŝl2 = sl2 ⊗ C[t, t−1] ⊕ CC be
the affine Lie algebra associated to sl2. Let k ≥ 1 be an integer and
V (k, 0) = V
ŝl2
(k, 0) = Indŝl2
sl2⊗C[t]⊕CC
C
be the induced ŝl2-module such that sl2 ⊗ C[t] acts as 0 and C acts as k on 1 = 1. Then
V (k, 0) is a vertex operator algebra generated by a(−1)1 for a ∈ sl2 such that
Y (a(−1)1, z) = a(z) =
∑
n∈Z
a(n)z−n−1
where a(n) = a⊗ tn, with the vacuum vector 1 and the Virasoro vector
ωaff =
1
2(k + 2)
(1
2
h(−1)21+ e(−1)f(−1)1 + f(−1)e(−1)1
)
=
1
2(k + 2)
(
− h(−2)1+ 1
2
h(−1)21+ 2e(−1)f(−1)1
)
of central charge 3k
k+2
(e.g. [18], [22], [25, Section 6.2]).
Let M(k) be the vertex operator subalgebra of V (k, 0) generated by h(−1)1 with the
Virasoro element
ωγ =
1
4k
h(−1)21
of central charge 1.
The vertex operator algebra V (k, 0) has a unique maximal ideal J , which is generated
by a weight k + 1 vector e(−1)k+11 [22]. The quotient algebra L(k, 0) = V (k, 0)/J is a
simple, rational vertex operator algebra as k is a positive integer (cf. [18], [25]). Moreover,
the image of M(k) in L(k, 0) is isomorphic to M(k) and will be denoted by M(k) again.
Set
K(sl2, k) = {v ∈ L(k, 0) | h(m)v = 0 for h ∈ h, m ≥ 0}.
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Then K(sl2, k) which is the space of highest weight vectors with highest weight 0 for ĥ is
the commutant of M(k) in L(k, 0) and is called the parafermion vertex operator algebra
associated to the irreducible highest weight module L(k, 0) for ŝl2. The Virasoro element
of K(sl2, k) is given by
ω = ωaff − ωγ = 1
2k(k + 2)
(
− kh(−2)1− h(−1)21+ 2ke(−1)f(−1)1
)
with central charge 2(k−1)
k+2
, where we still use ωaff , ωγ to denote their images in L(k, 0).
We denote K(sl2, k) by K0.
Set
W 3 = k2h(−3)1+ 3kh(−2)h(−1)1 + 2h(−1)31− 6kh(−1)e(−1)f(−1)1
+ 3k2e(−2)f(−1)1− 3k2e(−1)f(−2)1
in V (k, 0), and also denote its image in L(k, 0) by W 3. It was proved in [9](cf.[11], [14])
that the parafermion vertex operator algebra K0 is simple and is generated by ω and
W 3. If k ≥ 3, the parafermion vertex operator algebra K0 in fact is generated by W 3.
The irreducible K0-modules M
i,j for 0 ≤ i ≤ k, 0 ≤ j ≤ k − 1 were constructed in [9].
Note that K0 = M
0,0. It was also proved that M i,j ∼= Mk−i,k−i+j as K0-module in [9,
Theorem 4.4]. Theorem 8.2 in [2] showed that the k(k+1)
2
irreducible K0-modules M
i,j for
1 ≤ i ≤ k, 0 ≤ j ≤ i− 1 constructed in [9] form a complete set of isomorphism classes of
irreducible K0-modules. Moreover, K0 is C2-cofinite [2] and rational [3].
Let L(k, i) for 0 ≤ i ≤ k be the irreducible modules for the rational vertex operator
algebra L(k, 0) with the top level U i =
⊕i
j=0Cv
i,j which is an (i + 1)-dimensional irre-
ducible module of the simple Lie algebra Ch(0)⊕Ce(0)⊕Cf(0) ∼= sl2 [9]. The following
result was due to [9].
Lemma 2.1. The operator o(ω) = ω1 acts on v
i,j, 0 ≤ i ≤ k, 0 ≤ j ≤ i as follows:
o(ω)vi,j =
1
2k(k + 2)
(
k(i− 2j)− (i− 2j)2 + 2kj(i− j + 1)
)
vi,j. (1.1)
Let σ be an automorphism of Lie algebra sl2 defined by σ(h) = −h, σ(e) = f, σ(f) =
e. σ can be lifted to an automorphism σ of the vertex operator algebra V (k, 0) of order
2 in the following way:
σ(x1(−n1) · · ·xs(−ns)1) = σ(x1)(−n1) · · ·σ(xs)(−ns)1
for xi ∈ sl2 and ni > 0. Then σ induces an automorphism of L(k, 0) as σ preserves
the unique maximal ideal J , and the Virasoro element ωγ is invariant under σ. Thus
σ induces an automorphism of the parafermion vertex operator algebra K0. In fact,
σ(ω) = ω, σ(W 3) = −W 3.
Lemma 2.2. [9] If k ≥ 3, the automorhism group AutK0 = 〈σ〉 is of order 2.
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Remark 2.3. If k = 1, K0 = C1. If k = 2, K0 is generated by ω. Thus the automorphism
group AutK0 = {1} is trivial for k = 1 and k = 2. Therefore, by Lemma 2.2, we only need
to consider the orbifold of parafermion vertex operator algebra under the automorphism σ
for k ≥ 3.
Let Kσ0 be the orbifold vertex operator algebra under the automorphism σ. We will
construct and classify irreducible modules of Kσ0 for k ≥ 3.
3 Classification and construction of irreducible mod-
ules of Kσ0
In this section, we first recall the definition of weak g-twisted module, g-twisted module
and admissible g-twisted module following [7, 8]. Then for k ≥ 3, we construct the
irreducible σ-twisted modules of parafermion vertex operator algebra K0. Furthermore,
we determine all the irreducible modules of the orbifold vertex operator algebra Kσ0 .
Let (V, Y, 1, ω) be a vertex operator algebra (see [17], [25]) and g an automorphism of
V with finite order T . Let W {z} denote the space of W -valued formal series in arbitrary
complex powers of z for a vector spaceW . Denote the decomposition of V into eigenspaces
with respect to the action of g by
V =
⊕
r∈Z
V r,
where V r = {v ∈ V | gv = e− 2piirT v}, i = √−1.
Definition 3.1. A weak g-twisted V -module M is a vector space with a linear map
YM : V → (EndM) {z}
v 7→ YM (v, z) =
∑
n∈Q
vnz
−n−1 (vn ∈ EndM)
which satisfies the following conditions for 0 ≤ r ≤ T − 1, u ∈ V r , v ∈ V, w ∈M :
YM (u, z) =
∑
n∈ r
T
+Z
unz
−n−1
unw = 0 for n≫ 0,
YM (1, z) = IdM ,
z−10 δ
(
z1 − z2
z0
)
YM (u, z1) YM (v, z2)− z−10 δ
(
z2 − z1
−z0
)
YM (v, z2) YM (u, z1)
5
= z−11
(
z2 + z0
z1
) r
T
δ
(
z2 + z0
z1
)
YM (Y (u, z0) v, z2) ,
where δ (z) =
∑
n∈Z z
n.
The following identities are the consequences of the twisted-Jacobi identity [7] (see
also [1], [6]).
[um+ r
T
, vn+ s
T
] =
∞∑
i=0
(
m+ r
T
i
)
(uiv)m+n+ r+s
T
−i, (3.2)
∑
i≥0
(
r
T
i
)
(um+iv)n+ r+s
T
−i =
∑
i≥0
(−1)i
(
m
i
)
(um+ r
T
−ivn+ s
T
+i − (−1)mvm+n+ s
T
−iu r
T
+i), (3.3)
where u ∈ V r, v ∈ V s, m, n ∈ Z.
Definition 3.2. A g-twisted V -module is a weak g-twisted V -module M which carries a
C-grading M =
⊕
λ∈CMλ, where Mλ = {w ∈ M |L(0)w = λw} and L(0) is one of the
coefficient operators of Y (ω, z) =
∑
n∈Z L(n)z
−n−2. Moreover we require that dimMλ is
finite and for fixed λ, Mλ+ n
T
= 0 for all small enough integers n.
Definition 3.3. An admissible g-twisted V -module M = ⊕n∈ 1
T
Z+M (n) is a
1
T
Z+-graded
weak g-twisted module such that umM (n) ⊂M (wtu−m− 1 + n) for homogeneous u ∈ V
and m,n ∈ 1
T
Z.
Definition 3.4. A vertex operator algebra V is called g-rational if the admissible g-twisted
module category is semisimple.
Remark 3.5. Since K0 is a rational vertex operator algebra, K
σ
0 is C2-cofinite and ra-
tional [27], [4], [5]. It follows from [13] that all the irreducible modules of Kσ0 come from
modules and σ-twisted modules of K0.
We first have the following result.
Proposition 3.6. If k = 2n + 1 for n ≥ 1, there are at most k−1
2
+ 1 inequivalent
irreducible σ-twisted modules of K0. If k = 2n for n ≥ 2, there are at most k2 + 2
inequivalent irreducible σ-twisted modules of K0.
Proof. Let (W,YW ) be an irreducible module of K0, for u ∈ K0, v ∈ W , we define a linear
map:
Y σ : K0 → (EndW )[[x, x−1]]
by
Y σW (u, x)v = YW (σ
−1u, x)v.
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From [8], we know that (W,Y σW ) is still an irreducible module ofK0, if (W,YW )
∼= (W,Y σW ),
we say K0-module W is σ-stable, and denote it by W
σ. From [2] (also see [9]), we know
that the k(k+1)
2
inequivalent irreducible K0-modules M
i,j for 1 ≤ i ≤ k, 0 ≤ j ≤ i − 1
exhaust all the irreducible modules of K0, and the top level of M
i,j is a one dimensional
space spanned by vi,j with the lowest weight 1
2k(k+2)
(
k(i−2j)−(i−2j)2+2kj(i−j+1)
)
(see
Lemma 2.1), that is,
o(ω)vi,j =
1
2k(k + 2)
(
k(i− 2j)− (i− 2j)2 + 2kj(i− j + 1)
)
vi,j,
where ω is the Virasoro element of parafermion vertex operator algebra K0. Thus by
analyzing its lowest weights, we see that if k = 2n + 1, n ≥ 1, M i,j for (i, j) = (i, i
2
),
i = 2, 4, 6, · · · , 2n, together with (i, j) = (2n + 1, 0) are σ-stable modules, and there are
totally n + 1, i.e., k−1
2
+ 1 inequivalent σ-stable K0-modules. If k = 2n, n ≥ 2, then for
(i, j) = (i, i
2
), i = 2, 4, 6, · · · , 2n, together with (i, j) = (n, 0) and (i, j) = (2n, 0), M i,j are
σ-stable modules, and there are totally n+2, i.e., k
2
+2 inequivalent σ-stable K0-modules.
More precisely, if k = 2n+ 1, n ≥ 1, we have
M i,j ∼= (M i,j)σ for (i, j) = (i, i
2
), i = 2, 4, 6, · · · , 2n, and (i, j) = (2n + 1, 0).
If k = 2n, n ≥ 2, we have
M i,j ∼= (M i,j)σ for (i, j) = (i, i
2
), i = 2, 4, 6, · · · , 2n, (i, j) = (n, 0) and (i, j) = (2n, 0).
Moreover, we have if k = 2n+ 1, n ≥ 1,
(M i,0)σ ∼= Mk−i,0 for 1 ≤ i ≤ k − 1,
and
(M i,j)σ ∼= M i,i−j for 3 ≤ i ≤ k, 1 ≤ j ≤ i− 1, j 6= i
2
.
If k = 2n, n ≥ 2, we have
(M i,0)σ ∼= Mk−i,0 for 1 ≤ i ≤ k − 1, i 6= k
2
,
and
(M i,j)σ ∼= M i,i−j for 3 ≤ i ≤ k, 1 ≤ j ≤ i− 1, j 6= i
2
.
Thus, from the Theorem 10.2 in [8], we obtain the proposition.
Now for k = 2n + 1, n ≥ 1, we construct k−1
2
+ 1 inequivalent σ-twisted irreducible
modules of K0, and for k = 2n, n ≥ 2, we construct k2 + 2 inequivalent σ-twisted ir-
reducible modules of K0. We will first construct irreducible σ-twisted modules for the
vertex operator algebra L(k, 0).
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Recall that {h, e, f} is a standard Chevalley basis of sl2 with brackets [h, e] = 2e,
[h, f ] = −2f , [e, f ] = h. Set
h
′
= e + f, e
′
=
1
2
(h− e+ f), f ′ = 1
2
(h+ e− f).
Then {h′, e′ , f ′} is a sl2-triple. Let h′′ = 14h
′
= 1
4
(e+ f). We have
Laff(n)h
′′
= δn,0h
′′
, h
′′
(n)h
′′
=
1
8
δn,1k, for n ∈ Z+,
and
h
′′
(0)e
′
=
1
2
e
′
, h
′′
(0)f
′
= −1
2
f
′
, h
′′
(0)h
′′
= 0, e
′
(0)f
′
= 4h
′′
,
where Laff(n) = ωaff(n+1). This shows that h
′′
(0) semisimply acts on L(k, 0) with rational
eigenvalues. From [24], we have that e2piih
′′
(0) is an automorphism of L(k, 0). Moreover,
we have
e2piih
′′
(0)(h
′
) = h
′
, e2piih
′′
(0)(e
′
) = −e′ , e2piih
′′
(0)(f
′
) = −f ′ ,
thus e2piih
′′
(0) = σ. Let
∆(h
′′
, z) = zh
′′
(0)exp(
∞∑
k=1
h
′′
(k)
−k (−z)
−k).
Recall that L(k, i) for 0 ≤ i ≤ k are all the irreducible modules for the rational vertex
operator algebra L(k, 0). From [24], we have the following result.
Lemma 3.7. For 0 ≤ i ≤ k, (L(k, i), Yσ(·, z)) = (L(k, i), Y (∆(h′′ , z)·, z)) are irreducible
σ-twisted L(k, 0)-modules.
Notice that the weight 2 subspace of vertex operator algebra L(k, 0) is 9 dimensional
for k ≥ 2. Let
ξ1 = e(−2)1+ f(−2)1, ξ2 = −1
2
h(−1)21+ e(−1)21+ f(−1)21,
ξ3 = −1
2
h(−2)1 + 1
4
h(−1)21+ e(−1)f(−1)1,
ξ4 = −1
2
h(−2)1− e(−2)1− f(−2)1− 1
2
h(−1)21− 1
2
e(−1)21− 1
2
f(−1)21
+h(−1)e(−1)1− h(−1)f(−1)1+ e(−1)f(−1)1,
ξ5 = −1
2
h(−2)1 + e(−2)1+ f(−2)1− 1
2
h(−1)21− 1
2
e(−1)21− 1
2
f(−1)21
−h(−1)e(−1)1 + h(−1)f(−1)1 + e(−1)f(−1)1,
8
ξ6 = h(−2)1− e(−2)1+ f(−2)1,
ξ7 = −h(−2)1− e(−1)21+ f(−1)21+ h(−1)e(−1)1 + h(−1)f(−1)1,
ξ8 = −h(−2)1− e(−2)1 + f(−2)1,
ξ9 = h(−2)1+ e(−1)21− f(−1)21+ h(−1)e(−1)1 + h(−1)f(−1)1,
which are the eigenvectors of h
′′
(0) on the weight 2 subspace of L(k, 0) for k ≥ 2. We
have
h
′′
(0)ξ1 = 0, h
′′
(0)ξ2 = 0, h
′′
(0)ξ3 = 0,
h
′′
(0)ξ4 = ξ4, h
′′
(0)ξ5 = −ξ5,
h
′′
(0)ξ6 =
1
2
ξ6, h
′′
(0)ξ7 =
1
2
ξ7,
h
′′
(0)ξ8 = −1
2
ξ8, h
′′
(0)ξ9 = −1
2
ξ9.
Moreover, recall that
ω = ωaff − ωγ = 1
2k(k + 2)
(
− kh(−2)1− h(−1)21 + 2ke(−1)f(−1)1
)
,
thus we have
ω =
1
8k
ξ2 +
3k − 2
4k(k + 2)
ξ3 +
1
8k
ξ4 +
1
8k
ξ5.
Notice that
h
′′
(1)ω =
k − 1
k
h
′′
(−1)1 and h′′(1)2ω = k − 1
8
1.
Using these facts, we can obtain the following lemma by a straightforward calculation.
Lemma 3.8.
∆(h
′′
, z)ω =
1
8k
ξ2 +
3k − 2
4k(k + 2)
ξ3 + z
1
8k
ξ4 + z
−1 1
8k
ξ5
+z−1
k − 1
k
h
′′
(−1)1+ z−2k − 1
16
1, (3.4)
∆(h
′′
, z)ωaff = Laff(−2)1 + z−1h′′(−1)1+ z−2 k
16
1,
Yσ(h
′′
, z) = Y (h
′′
+
k
8
z−1, z),
Yσ(h
′
, z) = Y (h
′
+
k
2
z−1, z), (3.5)
Yσ(e
′
, z) = z
1
2Y (e
′
, z), Yσ(f
′
, z) = z−
1
2Y (f
′
, z).
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In the following part of the paper, for u ∈ L(k, 0) such that σ(u) = e−piri, i = √−1,
r ∈ Z, we use the notation un and u(n) respectively to distinguish the action of the
operators in L(k, 0) on σ-twisted modules and untwisted modules, i.e., un and u(n) are
as follows
Yσ(u, z) =
∑
n∈Z+ r
2
unz
−n−1, Y (u, z) =
∑
n∈Z
u(n)z−n−1.
Recall that the top level U i =
⊕i
j=0Cv
i,j of L(k, i) for 0 ≤ i ≤ k is an (i+1)-dimensional
irreducible module for Ch(0)⊕ Ce(0)⊕ Cf(0) ∼= sl2. Let
η =
i∑
j=0
(−1)jvi,j, (3.6)
then η is the lowest weight vector with weight −i in (i+1)-dimensional irreducible module
for Ch
′
(0) ⊕ Ce′(0) ⊕ Cf ′(0) ∼= sl2, that is, f ′(0)η = 0 and h′(0)η = −iη. Notice that
σ(ω) = ω, by (3.4) in Lemma 3.8, we have
L(0)η = ω1η =
( 1
8k
ξ5(0) +
1
8k
ξ2(1) +
3k − 2
4k(k + 2)
ξ3(1) +
k − 1
k
h
′′
(0) +
k − 1
16
1
)
η
=
( k − 2
8k(k + 2)
h(0)2 +
1
8k
(e(0)2 + f(0)2) +
3k − 2
8k(k + 2)
h(0)
+
3k − 2
4k(k + 2)
f(0)e(0) +
k − 1
4k
(e(0) + f(0)) +
k − 1
16
)
η
=
( i(i− k)
4(k + 2)
+
k − 1
16
)
η,
where we used the action of sl2 on (i+1)-dimensional irreducible module U
i =
⊕i
j=0Cv
i,j,
that is,
h(0)vi,j = (i− 2j)vi,j,
e(0)vi,0 = 0, e(0)vi,j = (i− j + 1)vi,j−1 for 1 ≤ j ≤ i,
f(0)vi,i = 0, f(0)vi,j = (j + 1)vi,j+1 for 0 ≤ j ≤ i− 1,
a(n)vi,j = 0 for a ∈ {h, e, f}, n ≥ 1.
Thus we have:
Lemma 3.9. For the positive integer k ≥ 3, 0 ≤ i ≤ k,
L(0)η =
( i(i− k)
4(k + 2)
+
k − 1
16
)
η. (3.7)
Lemma 3.10. The vector (e−f)− 1
2
.η is another lowest weight vector in σ-twisted module
L(k, k
2
) of parafermion vertex operator algebra K0 besides η.
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Proof. From [9], we know that ω,W 3,W 4,W 5 are the strong generators of the parafermion
vertex operator algebra K0. It is easy to see that ω2.(e−f)− 1
2
.η = 0, W 44 .(e−f)− 1
2
.η = 0.
Now we prove W 35
2
.(e− f)− 1
2
.η = 0. Recall that
W 3 = k2h(−3)1+ 3kh(−2)h(−1)1 + 2h(−1)31− 6kh(−1)e(−1)f(−1)1
+ 3k2e(−2)f(−1)1− 3k2e(−1)f(−2)1.
and
3kh(−2)h(−1)1−6kh(−1)e(−1)f(−1)1 = −3k
(
h(−1)e(−1)f(−1)1+h(−1)f(−1)e(−1)1
)
.
By using (3.3), we have
(h(−3)1) 5
2
=
15
8
h 1
2
, (h(−1)31) 5
2
= 2h− 1
2
(h 1
2
)2, (3.8)
(
h(−1)e(−1)f(−1)1 + h(−1)f(−1)e(−1)1
)
5
2
=
1
2
(
h(−1)(e + f)(−1)(e+ f)(−1)1− h(−1)(e− f)(−1)(e− f)(−1)1
)
5
2
=
1
2
(
(e+ f)−1(e + f)1h 1
2
− (e− f)−1(e− f)1h 1
2
+
1
2
h 1
2
)
,
(3.9)
and (
e(−2)f(−1)1− e(−1)f(−2)1
)
5
2
=
(
f(−1)e(−2)1− f(−2)e(−1)1
)
5
2
=
1
2
(
(e+ f)(−1)(e− f)(−2)1− (e + f)(−2)(e− f)(−1)1
)
5
2
= −1
4
(
(e + f)0(e− f) 1
2
− 2h 1
2
)
.
(3.10)
By using (3.2), (3.5) and noticing that i = k
2
, we have
h 1
2
.(e− f)− 1
2
η = 2(e+ f)0η = 2(−i+ k
2
)η = 0.
(e+ f)0(e− f) 1
2
.(e− f)− 1
2
η = −k(e + f)0η = −k(−i + k
2
)η = 0.
Together with (3.8), (3.9), (3.10), we deduce that W 35
2 ·
(e − f)− 1
2
.η = 0. Similarly, by a
straightforward calculation, we can obtain that W 59
2
.(e− f)− 1
2
.η = 0. Thus (e− f)− 1
2
.η is
another lowest weight vector in σ-twisted module L(k, k
2
) of K0 besides η.
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Now we are in a position to state the following theorem.
Theorem 3.11. For 0 ≤ i ≤ k, let W (k, i)(⊆ L(k, i)) be the σ-twisted modules of the
parafermion vertex operator algebra K0 generated by η in (3.6). If k = 2n + 1, n ≥ 1,
then W (k, i) for 0 ≤ i ≤ k−1
2
are k−1
2
+ 1 irreducible σ-twisted modules of K0. If k = 2n,
n ≥ 2, then W (k, i) for 0 ≤ i ≤ k
2
are k
2
+ 1 irreducible σ-twisted modules of K0. Let
W˜ (k, k
2
) be the σ-twisted module of K0 generated by vector (e−f)− 1
2
η, then W˜ (k, k
2
) is an
irreducible σ-twisted module of K0, that is, there are
k
2
+ 2 irreducible σ-twisted modules
of K0 for k = 2n.
Proof. First we consider the case k = 2n + 1. From (3.7), we see that for 0 ≤ i ≤ k−1
2
,
W (k, i) are k−1
2
+ 1 inequivalent σ-twisted modules of K0. Now we prove that W (k, i)
for 0 ≤ i ≤ k−1
2
are irreducible σ-twisted modules of K0. If W (k, i) is not irreducible for
some i, the lowest weight µ of the maximal proper submodule is different from the weights(
i(i−k)
4(k+2)
+ k−1
16
)
, 0 ≤ i ≤ k−1
2
. From [8], K0 has an irreducible σ-twisted module with the
lowest weight µ. This implies that there are at least k−1
2
+ 2 inequivalent irreducible
σ-twisted modules of K0, which contradicts to the result in Proposition 3.6. If k = 2n,
from Lemma 3.10, we know that (e− f)− 1
2
.η is another lowest weight vector in σ-twisted
module L(k, k
2
) of K0 besides η. Let W˜ (k,
k
2
) be the σ-twisted module of K0 generated
by vector (e − f)− 1
2
.η, from the result in Proposition 3.6 that there are at most k
2
+ 2
inequivalent σ-twisted irreducible modules of K0, together with the similar arguments as
the case k = 2n + 1, we see that W (k, i) for 0 ≤ i ≤ k
2
and W˜ (k, k
2
), are exactly k
2
+ 2
irreducible σ-twisted modules of K0 for k = 2n.
Lemma 3.12. (1) For i = k
2
, W 33
2
.(e− f)− 1
2
.η 6= 0.
(2) For 0 < i ≤ k, i 6= k
2
, W 33
2
.η 6= 0. For i = 0 and i = k
2
, W 33
2
.η = 0.
(3) For k = 4, i = k
2
= 2, W 31
2
.η = 0. For k 6= 4, i = k
2
, W 31
2
.η 6= 0.
(4) For k = 4, i = k
2
= 2, W 3
− 1
2
.η 6= 0.
Proof. Notice that
W 3 = k2h(−3)1+ 3kh(−2)h(−1)1 + 2h(−1)31− 6kh(−1)e(−1)f(−1)1
+ 3k2e(−2)f(−1)1− 3k2e(−1)f(−2)1,
and
3kh(−2)h(−1)1−6kh(−1)e(−1)f(−1)1 = −3k
(
h(−1)e(−1)f(−1)1+h(−1)f(−1)e(−1)1
)
.
First we prove (1), that is, if i = k
2
, W 33
2
.(e− f)− 1
2
.η 6= 0. By using (3.3), we have
(h(−3)1) 3
2
=
3
8
h− 1
2
, (h(−1)31) 3
2
= 3(h− 1
2
)2h 1
2
+
3k
4
h− 1
2
+ 2h− 3
2
(h 1
2
)2. (3.11)
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By using (3.2) and (3.5), we have
h 1
2
.(e− f)− 1
2
η = [h 1
2
, (e− f)− 1
2
]η = 2(e + f)0η = 2(−i+ k
2
)η = 0. (3.12)
From (3.3) and (3.12), we get(
h(−1)e(−1)f(−1)1+ h(−1)f(−1)e(−1)1
)
3
2
.(e− f)− 1
2
η
=
1
2
(
h(−1)(e+ f)(−1)(e+ f)(−1)1− h(−1)(e− f)(−1)(e− f)(−1)1
)
3
2
.(e− f)− 1
2
η
=
1
2
(5 +
9k
4
)h− 1
2
(e− f)− 1
2
η,
(3.13)
and (
e(−2)f(−1)1− e(−1)f(−2)1
)
3
2
.(e− f)− 1
2
η
=
(
f(−1)e(−2)1− f(−2)e(−1)1
)
3
2
.(e− f)− 1
2
η
=
1
2
(
(e + f)(−1)(e− f)(−2)1− (e+ f)(−2)(e− f)(−1)1
)
3
2
.(e− f)− 1
2
η
= (
3k
4
+ 1)(e+ f)−1η − 1
2
h− 1
2
(e− f)− 1
2
η.
(3.14)
Thus from (3.11), (3.12), (3.13) and (3.14), we have
W 33
2
.(e− f)− 1
2
.η = −k(9k
2
+ 6)h− 1
2
(e− f)− 1
2
η + 3k2(
3k
4
+ 1)(e+ f)−1η 6= 0.
Next we prove (2), that is, if 0 < i ≤ k, i 6= k
2
, W 33
2
.η 6= 0. If i = 0 and i = k
2
, then
W 33
2
.η = 0. By using (3.3), we have
(h(−3)1) 3
2
=
3
8
h− 1
2
, (h(−1)31) 3
2
= 3(h− 1
2
)2h 1
2
+
3k
4
h− 1
2
+ 2h− 3
2
(h 1
2
)2. (3.15)
We notice that
h 1
2
.η = 0. (3.16)
By using (3.3), we get(
h(−1)e(−1)f(−1)1 + h(−1)f(−1)e(−1)1
)
3
2
.η
=
1
2
(
h(−1)(e + f)(−1)(e+ f)(−1)1− h(−1)(e− f)(−1)(e− f)(−1)1
)
3
2
.η
=
1
2
(1 +
k
4
+ (−i+ k
2
)2)h− 1
2
η,
(3.17)
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and (
e(−2)f(−1)1− e(−1)f(−2)1
)
3
2
.η
=
(
f(−1)e(−2)1− f(−2)e(−1)1
)
3
2
.η
=
1
2
(
(e + f)(−1)(e− f)(−2)1− (e+ f)(−2)(e− f)(−1)1
)
3
2
.η
=
1
4
(−i+ k
2
)(e− f)− 1
2
η.
(3.18)
Thus from (3.15), (3.16), (3.17) and (3.18), we have
W 33
2
.η = −3k
2
(−i+ k
2
)2h− 1
2
η +
3k2
4
(−i+ k
2
)(e− f)− 1
2
η. (3.19)
If i = k
2
, it is obvious that W 33
2
.η = 0 from the identity (3.19). If i = 0, from (3.19), we
see that W 33
2
.η = −3k2
8
(h − e + f)− 1
2
η = −3k2
8
e
′
− 1
2
η = −3k2
8
e
′
(0)η = 0, where for the last
equation, we just notice that e
′
(0)η = 0 in the irreducible L(k, 0)-module L(k, 0). If i 6= 0
and i 6= k
2
, it is clear that W 33
2
.η 6= 0 from (3.19).
Now we prove (3), that is, if i = k
2
,
W 31
2
.η = 0 for k = 4, W 31
2
.η 6= 0 for k 6= 4.
By using (3.3), we have
(h(−3)1) 1
2
.η = −1
8
h− 3
2
η, (h(−1)31) 1
2
.η = (h− 1
2
)3η +
3k
4
h− 3
2
η. (3.20)
By using (3.3), we get(
h(−1)e(−1)f(−1)1+ h(−1)f(−1)e(−1)1
)
1
2
.η
=
1
2
(
h(−1)(e+ f)(−1)(e+ f)(−1)1− h(−1)(e− f)(−1)(e− f)(−1)1
)
1
2
.η
=
1
2
(1 +
k
4
+ (−i+ k
2
)2)h− 3
2
η + (−i+ k
2
)h− 1
2
(e+ f)−1η − 1
2
h− 1
2
((e− f)− 1
2
)2η,
(3.21)
and (
e(−2)f(−1)1− e(−1)f(−2)1
)
1
2
.η
=
(
f(−1)e(−2)1− f(−2)e(−1)1
)
1
2
.η
=
1
2
(
(e + f)(−1)(e− f)(−2)1− (e+ f)(−2)(e− f)(−1)1
)
1
2
.η
= −1
4
(e + f)−1(e− f)− 1
2
η +
3
4
(−i+ k
2
)(e− f)− 3
2
η.
(3.22)
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Thus from (3.20), (3.21) and (3.22), we have
W 31
2
.η = (−k
2
2
− 3k
2
(−i+ k
2
)2)h− 3
2
η + 2(h− 1
2
)3η
− 3k
2
4
(e+ f)−1(e− f)− 1
2
η +
9k2
4
(−i+ k
2
)(e− f)− 3
2
η
− 3k(−i+ k
2
)h− 1
2
(e+ f)−1η +
3k
2
h− 1
2
((e− f)− 1
2
)2η.
(3.23)
If i = k
2
, the identity (3.23) becomes
W 31
2
.η = −k
2
2
h− 3
2
η + 2(h− 1
2
)3η − 3k
2
4
(e+ f)−1(e− f)− 1
2
η +
3k
2
h− 1
2
((e− f)− 1
2
)2η. (3.24)
Recall that h = e
′
+ f
′
, e + f = h
′
, and e− f = f ′ − e′ . Then from Lemma 3.8, we have
e
′
−
3
2
= e
′
(−1), f ′
−
3
2
= f
′
(−2), h′−1 = h′(−1), e′− 1
2
= e
′
(0), f
′
−
1
2
= f
′
(−1). Thus we write
the identity (3.24) in the untwisted case:
W 31
2
.η = −k
2
2
(e
′
(−1) + f ′(−2))η + 2(e′(0) + f ′(−1))3η
− 3k
2
4
h
′
(−1)(f ′(−1)− e′(0))η + 3k
2
(e
′
(0) + f
′
(−1))(f ′(−1)− e′(0))2η.
(3.25)
Thus we have
e
′
(1).W 31
2
.η = (12 + 6k − 9k
2
4
)e
′
(0)2η + (−4 + 7k
2
4
− 3k
3
8
)h
′
(−1)η
+ (2 +
3k
2
)(
3k
2
− 6)f ′(−1)2η,
(3.26)
f
′
(1).W 31
2
.η = 0, (3.27)
h
′
(1).W 31
2
.η = (
3k3
2
− 7k2 + 16)e′(0)η − (3k
3
2
− 7k2 + 16)f ′(−1)η. (3.28)
From (3.26), (3.27), (3.28), we see that if k = 4, then e
′
(1).W 31
2
.η = 0, f
′
(1).W 31
2
.η =
0, h
′
(1).W 31
2
.η = 0. Thus W 31
2
.η = 0 in the L(k, 0)-module L(k, k
2
), and if k 6= 4, W 31
2
.η 6= 0
in the L(k, 0)-module L(k, k
2
).
Finally, we prove (4), that is, if k = 4, i = k
2
= 2,
W 3
− 1
2
.η 6= 0.
By using (3.3), we have
(h(−3)1)− 1
2
.η =
3
8
h− 5
2
η, (h(−1)31)− 1
2
.η =
3k
4
h− 5
2
η + 3h− 3
2
(h− 1
2
)2η. (3.29)
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By using (3.3), we get(
h(−1)e(−1)f(−1)1 + h(−1)f(−1)e(−1)1
)
− 1
2
.η
=
1
2
(
h(−1)(e + f)(−1)(e+ f)(−1)1− h(−1)(e− f)(−1)(e− f)(−1)1
)
− 1
2
.η
= h− 5
2
η +
1
2
h− 1
2
((e+ f)−1)
2 − h− 1
2
(e− f)− 3
2
(e− f)− 1
2
− 1
2
h− 3
2
((e− f)− 1
2
)2η,
(3.30)
and (
e(−2)f(−1)1− e(−1)f(−2)1
)
− 1
2
.η
=
(
f(−1)e(−2)1− f(−2)e(−1)1
)
− 1
2
.η
=
1
2
(
(e+ f)(−1)(e− f)(−2)1− (e+ f)(−2)(e− f)(−1)1
)
−
1
2
.η
=
1
4
(e + f)−1(e− f)− 3
2
η − 3
4
(e+ f)−2(e− f)− 1
2
η.
(3.31)
Thus from (3.29), (3.30) and (3.31), we have
W 3
− 1
2
.η = 6h− 3
2
(h− 1
2
)2η + 12(e+ f)−1(e− f)− 3
2
η − 36(e+ f)−2(e− f)− 1
2
η
− 6h− 1
2
((e+ f)−1)
2η + 12h− 1
2
(e− f)− 3
2
(e− f)− 1
2
η + 6h− 3
2
((e− f)− 1
2
)2η
6= 0
(3.32)
in the L(4, 0)-module L(4, 2).
Now we are in a position to classify all the irreducible modules of orbifold vertex
operator algebra Kσ0 . For 0 < i ≤ k, i 6= k2 , set
uk,i,1 = η ∈ W (k, i)(0), uk,i,2 =W 33
2
.η ∈ W (k, i)(1
2
). (3.33)
For i = 0, set
uk,0,1 = η ∈ W (k, 0)(0), uk,0,2 = W 31
2
.η ∈ W (k, 0)(3
2
). (3.34)
For k = 4, i = k
2
= 2, set
u4,2,1 = η ∈ W (4, 2)(0), u4,2,2 = W 3
−
1
2
.η ∈ W (4, 2)(5
2
). (3.35)
For k 6= 4, i = k
2
, set
uk,
k
2
,1 = η ∈ W (k, k
2
)(0), uk,
k
2
,2 =W 31
2
.η ∈ W (k, k
2
)(
3
2
). (3.36)
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For i = k
2
, set
u˜k,
k
2
,1 = (e− f)− 1
2
.η ∈
˜
W (k,
k
2
)(0), u˜k,
k
2
,2 =W 33
2
.(e− f)− 1
2
.η ∈
˜
W (k,
k
2
)(
1
2
). (3.37)
Notice that W (k, i) for k = 2n + 1, n ≥ 1, 0 ≤ i ≤ k−1
2
, W (k, i) for k = 2n, n ≥
2, 0 ≤ i ≤ k
2
, and W˜ (k, k
2
) in Theorem 3.11 can be viewed as Kσ0 -modules. By applying
the results in [10], we have:
Proposition 3.13. Let W (k, i)j be the Kσ0 -module generated by u
k,i,j for 0 ≤ i ≤ k, j =
1, 2, and let W˜ (k, k
2
)
j
be the Kσ0 -module generated by u˜
k, k
2
,j for j = 1, 2. Then W (k, i)j
for 0 ≤ i ≤ k, j = 1, 2 and W˜ (k, k
2
)
j
for j = 1, 2 are irreducible modules of Kσ0 satisfying
L(0)uk,i,1 =
( i(i− k)
4(k + 2)
+
k − 1
16
)
uk,i,1, L(0)uk,i,2 =
( i(i− k)
4(k + 2)
+
k + 7
16
)
uk,i,2,
for 0 < i ≤ k, i 6= k
2
. And for i = 0,
L(0)uk,0,1 =
k − 1
16
uk,0,1, L(0)uk,0,2 =
k + 23
16
uk,0,2.
For k = 4, i = k
2
= 2,
L(0)u4,2,1 =
1
48
u4,2,1, L(0)u4,2,1 =
121
48
u4,2,2.
For k 6= 4, i = k
2
,
L(0)uk,
k
2
,1 =
(
− k
2
16(k + 2)
+
k − 1
16
)
uk,
k
2
,1, L(0)uk,
k
2
,2 =
(
− k
2
16(k + 2)
+
k + 23
16
)
uk,
k
2
,2.
And for i = k
2
,
L(0)u˜k,
k
2
,1 =
(
− k
2
16(k + 2)
+
k + 7
16
)
u˜k,
k
2
,1, L(0)u˜k,
k
2
,2 =
(
− k
2
16(k + 2)
+
k + 15
16
)
u˜k,
k
2
,2.
Recall from [9, Theorem 4.4] that the top level of the irreducible K0-module M
i,j is a
one dimensional space Cvi,j for 1 ≤ i ≤ k, 0 ≤ j ≤ i− 1. From Lemma 2.1, we know that
for vi,j in M i,j , 1 ≤ i ≤ k, 0 ≤ j ≤ i− 1,
o(ω)vi,j =
1
2k(k + 2)
(
k(i− 2j)− (i− 2j)2 + 2kj(i− j + 1)
)
vi,j.
Denote λi,j =
1
2k(k+2)
(
k(i− 2j)− (i− 2j)2 + 2kj(i− j + 1)
)
for 1 ≤ i ≤ k, 0 ≤ j ≤ i− 1.
Then we have:
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Proposition 3.14. If k = 2n + 1, n ≥ 1, let (i, j) = (i, i
2
), i = 2, 4, 6, · · · , 2n, and
(i, j) = (2n + 1, 0). If k = 2n, n ≥ 2, let (i, j) = (i, i
2
), i = 2, 4, 6, · · · , 2n, (i, j) =
(n, 0) and (i, j) = (2n, 0). We have
M i,j = (M i,j)0
⊕
(M i,j)1,
where (M i,j)0 is an irreducible module of Kσ0 generated by v
i,j. And if i 6= k, j = i
2
,
(M i,j)1 is an irreducible module of Kσ0 generated by W
3(1).vi,j with weight λi,j + 1. If
(i, j) = (k, k
2
), (Mk,
k
2 )1 is an irreducible module of Kσ0 generated by W
3(0).vk,
k
2 with
weight λk, k
2
+ 2. If (i, j) = (k
2
, 0), (M
k
2
,0)1 is an irreducible module of Kσ0 generated by
W 3(0).v
k
2
,0 with weight λ k
2
,0 + 2. If i = k, j = 0, (M
k,0)1 is an irreducible module of Kσ0
generated by W 3 with weight 3.
Proof. If k = 2n+ 1, n ≥ 1, let (i, j) = (i, i
2
), i = 2, 4, 6, · · · , 2n, and (i, j) = (2n+ 1, 0).
If k = 2n, n ≥ 2, let (i, j) = (i, i
2
), i = 2, 4, 6, · · · , 2n, (i, j) = (n, 0) and (i, j) = (2n, 0).
From Proposition 3.6 and [10], we have
M i,j = (M i,j)0
⊕
(M i,j)1,
and (M i,j)0 is an irreducible module of Kσ0 generated by v
i,j. Since
W 3(1).vi,j =
(
− 3k(i− 2j) + 6(i− 2j)2 − 6kj(i− j + 1)
)
h(−1)vi,j
+ 3k(j + 1)
(
k − 2(i− 2j)
)
e(−1)vi,j+1 − 3k(i− j + 1)
(
2(i− 2j) + k
)
f(−1)vi,j−1,
(3.38)
taking j = i
2
, (3.38) becomes
W 3(1).vi,j = −3k( i
2
+ 1)(ih(−1)vi,j − ke(−1)vi,j+1 + kf(−1)vi,j−1, (3.39)
and
e(1).W 3(1).vi,
i
2 = −3k( i
2
+ 1)(−i2 − 2i+ 2k + k2))vi,j−1, (3.40)
f(1).W 3(1).vi,
i
2 = −3k( i
2
+ 1)(i2 + 2i− 2k − k2))vi,j+1, (3.41)
h(1).W 3(1).vi,
i
2 = 0. (3.42)
This implies that if (i, j) = (k, k
2
), W 3(1).vk,
k
2 = 0, and i 6= k, j = i
2
, W 3(1).vi,j 6= 0.
Thus if i 6= k, j = i
2
, (M i,j)1 is an irreducible module of Kσ0 generated by W
3(1).vi,j with
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weight λi,j + 1. Take (i, j) = (
k
2
, 0) in (3.38), then W 3(1).v
k
2
,0 = 0. Now we consider
W 3(0).vi,j for the case (i, j) = (k, k
2
) and (i, j) = (k
2
, 0). Notice that
W 3(0).vi,j = 6(i− 2j)h(−1)2vi,j + 6
(
(i− 2j)2 − kj(i− j + 1)
)
h(−2)vi,j
− 6k(j + 1)h(−1)e(−1)vi,j+1 − 6k(i− j + 1)h(−1)f(−1)vi,j−1
− 6k(i− 2j)e(−1)f(−1)vi,j − 6k(j + 1)(i− 2j − k)e(−2)vi,j+1
− 6k(i− j + 1)(i− 2j + k)f(−2)vi,j−1.
(3.43)
Taking (i, j) = (k, k
2
) in (3.43), we have
W 3(0).vk,
k
2 = −6k(k
2
+ 1)
(k
2
h(−2)vk, k2 + h(−1)e(−1)vk, k2+1
+ h(−1)f(−1)vk, k2−1 − ke(−2)vk, k2+1 + kf(−2)vk, k2−1
)
6= 0.
(3.44)
Taking (i, j) = (k
2
, 0) in (3.43), we have
W 3(0).v
k
2
,0 = 3k
(
h(−1)2v k2 ,0 + 1
2
kh(−2)v k2 ,0 − 2h(−1)e(−1)v k2 ,1
− ke(−1)f(−1)v k2 ,0 + ke(−2)v k2 ,1
)
6= 0.
(3.45)
This shows that if (i, j) = (k, k
2
), (Mk,
k
2 )1 is an irreducible module of Kσ0 generated by
W 3(0).vk,
k
2 with weight λk, k
2
+2, and if (i, j) = (k
2
, 0), (M
k
2
,0)1 is an irreducible module of
Kσ0 generated by W
3(0).v
k
2
,0 with weight λ k
2
,0 +2. If (i, j) = (k, 0), we know that M
k,0 ∼=
M0,0 = K0, thus (M
k,0)1 is an irreducible module of Kσ0 generated by W
3(−1)1 = W 3
with weight 3.
From [10] and the proof of Proposition 3.6, we know that if k = 2n + 1, n ≥ 1, there
are totally k
2−1
4
inequivalent irreducible modules of Kσ0 coming from irreducible modules
of K0, which are M
i,0 for 1 ≤ i ≤ k−1
2
, and M i,j for 3 ≤ i ≤ k, where if i = 2m,
1 ≤ j ≤ m − 1, and if i = 2m + 1, 1 ≤ j ≤ m. If k = 2n, n ≥ 2, there are totally k2−4
4
inequivalent irreducible modules of Kσ0 coming from irreducible modules of K0, which are
M i,0 for 1 ≤ i ≤ k−2
2
, and M i,j for 3 ≤ i ≤ k, where if i = 2m, 1 ≤ j ≤ m − 1, and if
i = 2m+ 1, 1 ≤ j ≤ m.
From the above discussion together with Proposition 3.13 and Proposition 3.14, we
obtain our final result.
Theorem 3.15. If k = 2n+1, n ≥ 1, there are (k+1)(k+7)
4
inequivalent irreducible modules
of Kσ0 . If k = 2n, n ≥ 2, there are (k
2+8k+28)
4
inequivalent irreducible modules of Kσ0 .
Furthermore, the lowest weights of these irreducible modules are given in Proposition 3.6,
Proposition 3.13 and Proposition 3.14.
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Remark 3.16. [21] has given the level-rank duality for coset orthogonal affine vertex
operator algebras. In particular, let so2k be the orthogonal Lie algebra of rank k, then
CK(so2k,2)(K(slk, 2))
∼= K(sl2, k)σ,
where CK(so2k,2)(K(slk, 2)) is the commutant of K(slk, 2) in K(so2k, 2). With the above
result, irreducible modules of CK(so2k,2)(K(slk, 2)) are classified and constructed.
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